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Abstract

A graph G is called a chain graph if it contains none of the graphs {2K2, C3, C5} as induced
subgraphs. It is said to be almost controllable if it has exactly one non-main eigenvalue, that
is, precisely one eigenvalue whose corresponding eigenspace is orthogonal to the all-ones vec-
tor. Within the class of chain graphs, we identify new families of graphs exhibiting this almost
controllable property.
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1 Introduction

We consider a simple graph G, that is, a graph without loops or multiple edges, whose vertex
set is V (G) = {v1, . . . , vn} and which contains m edges. The adjacency matrix A(G) is a 0 − 1
matrix where the entry aij = 1 if vi and vj are adjacent, and 0 otherwise. The eigenvalues ofG are
defined as those of A(G), i.e., the roots of the characteristic polynomial ϕG(λ) = det(λIn −A(G)).
The multiset of eigenvalues is called the spectrum of G and is denoted by σ(G). An eigenvalue
µ is called main if its eigenspace EG,µ is not orthogonal to the all-ones vector j; otherwise, it is
termed non-main. The basic results on main eigenvalues can be found in Hagos [16], while a
comprehensive survey is given in Rowlinson [20].

A graph G is called a chain graph if it is bipartite and the neighborhoods of vertices in each
partite set form a chain under inclusion. Equivalently, chain graphs avoid the induced subgraphs
2K2, C3, and C5. From the perspective of spectral graph theory, they are distinguished among
connected bipartite graphs by achieving the maximal spectral radius with respect to both the ad-
jacency and signless Laplacianmatrices, for fixed order and size [7]. Chain graphs are also known
by other names in the literature, such as difference graphs [18], double nested graphs [4, 5], and Fer-
rers graphs [15]. Their main eigenvalues have been studied in [1], while some applications can be
found in [3]. Additional significant classes of bipartite graphs, namely 4-regular cyclic bipartite
graphs and complete (2, 2)-bipartite graphs, have also been examined in the literature; see [6] and
[17], respectively.

The objective of this paper is to characterize chain graphs that have exactly n − 1 main eigen-
values. Graphs with this property have already been studied in the literature. It was shown that
the unique non-main eigenvalue and its corresponding eigenvector can be derived from the walk
matrix without solving the characteristic equation [12]. A new and simple criterion was estab-
lished for determining when an almost controllable graph is uniquely determined by its gener-
alized spectrum [19]. Furthermore, Du et al. [13] have shown that for almost controllable trees,
unicyclic graphs, and bicyclic graphs, the diameter of the complement is at most 3; in addition, all
integral almost controllable graphs were characterized. A complete characterizationwas given for
almost controllable cographs, threshold graphs, as well as all almost controllable graphs whose
second-largest eigenvalue is at most

√
5−1
2 [14].

The remainder of the paper is organized as follows. Section 2 provides the necessary prelimi-
naries. In Section 3, we present a necessary condition for a chain graph to be almost controllable.
Sections 4 and 5 examine the role of certain eigenvalues such as ±1 or 1±

√
5

2 and vertex types
(downer or neutral) in the structure of such graphs. The main results, including new examples of
almost controllable chain graphs, are given in Section 6. Further problems are discussed in Section
7.

2 Preliminaries

In this section, we recall several results from the literature that will be needed in the sequel.

The vertex set of any connected chain graphG can be partitioned into two color classes, which
are further subdivided into h non-empty cells as follows:

h⋃︂
i=1

Ui and
h⋃︂

i=1

Vi.
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Each vertex in Us is adjacent (via cross edges) to all vertices in the set ⋃︁h+1−s
k=1 Vk, for every s =

1, 2, . . . , h. Let NG(w) denote the neighborhood of a vertex w in G.

This structure ensures that, for any u′ ∈ Us+1 and u′′ ∈ Us, we have NG(u
′) = ∪h−s

k=1Vk ⊂
∪h+1−s
k=1 Vk = NG(u

′′), and similarly, for v′ ∈ Vt+1 and v′′ ∈ Vt, it holds thatNG(v
′) ⊂ NG(v

′′). This
nesting of neighborhoods in both parts of the bipartition illustrates the double nesting property,
from left to right and from right to left (see Figure 1).

U1

U2

Uh−1

Uh

m1

m2

mh−1

mh

Vh

Vh−1

V2

V1

nh

nh−1

n2

n1

Figure 1: The chain graphG = DNG(m1, . . . ,mh;n1, . . . , nh).

Letms = |Us| and ns = |Vs| for each s = 1, 2, . . . , h. Then, the graph G can be represented as

DNG(m1,m2, . . . ,mh; n1, n2, . . . , nh),

where the notation DNG refers to a double nested graph.

Removing a vertex from the graph affects the multiplicity of its eigenvalues, which can either
remain unchanged (classifying the vertex as neutral), increase by one (categorizing it as a Parter
vertex), or decrease by one, which is associated with downer vertices.

The vertex types in the chain graphs were considered by Anđelić et al. [3]. It was proved that
in chain graphs all vertices are either downer or neutral with respect to nonzero eigenvalues (i.e.,
no Parter vertices are found relative to nonzero eigenvalues). In addition, if v is a neutral vertex
for λ ̸= 0, then xv = 0 in the corresponding eigenvector.
Proposition 2.1. [2, 3] Let G = DNG(m1, . . . ,mh;n1, . . . , nh). Then:

a) Up to a sign ϕG(λ) = xn−2h detMG(x), where

MG(x) =

⎡⎢⎢⎢⎢⎢⎣
m1 x
x nh x

. . .

x mh x
x n1

⎤⎥⎥⎥⎥⎥⎦ ,

b) The spectrum of G comprises of 0 with multiplicity n− 2h and of 2h distinct nonzero eigenvalues;

1051



B. Alshamary and M. Anđelić Malaysian J. Math. Sci. 20(3): 1049–1063(2026) 1049 - 1063

c) U1, Uh, (resp. V1, Vh) contain only downer vertices for λ ̸= 0;

d) Ui, Ui+1 (resp. Vi, Vi+1) cannot both contain neutral vertices for λ ̸= 0;

e) 0 is a non-main eigenvalue.

Two distinct eigenvalues of a graph are called conjugate if they are algebraic conjugates; that is,
if they satisfy the same minimal polynomial over the field of rational numbers. According to the
following proposition, such eigenvalues are either both main or both non-main.
Proposition 2.2. [8, Proposition 7.8.10] Let µi and µj be conjugate eigenvalues of a graph G. Then µi is
a main eigenvalue of G if and only if µj is a main eigenvalue of G.

In our considerations some results will rely on the characterization of main eigenvalues in a
chain graph of the form DNG(1, . . . , 1; 1, . . . , 1).
Theorem 2.1. [1] LetG = DNG(1, . . . , 1; 1, . . . , 1) be a chain graph of order 2h. ThenG has hmain and
h non-main eigenvalues. More precisely, λ is main eigenvalue in G if and only if −λ is non-main.

In addition, we will need the eigenvalues, eigenvectors and the determinant of some special
structured tridiagonal matrices.
Theorem 2.2. [10] Let

Th =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 −1
−1 2 −1

−1
. . .

. . .
. . .

2 −1
−1 2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
h

. (1)

Then the eigenvalues of Th are

λk = 2− 2 cos
2k + 1

2h+ 1
π,

for k = 0, . . . , h− 1 and the corresponding eigenvectors are of the form

[Q0(−λk), Q1(−λk), . . . , Qh−1(−λk)]
⊤,

where Q0(x) = 1 and Qi(x) = Ui(
x
2 + 1) − Ui−1(

x
2 + 1). (Ui, i = 0, . . . , h − 1 are the Chebyshev

polynomials of the second kind, Ui(x) =
sin(i+ 1)θ

sin θ
, for x = cos θ, 0 < θ < π.)

Lemma 2.1. [11] Let

An =

⎡⎢⎢⎢⎢⎢⎣
p 1
q p 1

. . .
. . .

. . .

q p 1
q p

⎤⎥⎥⎥⎥⎥⎦
n

.

Then,
detAn = (

√
q)nUn(

p

2
√
q
).
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3 Some Necessary Conditions

The objective of this section is to provide some necessary conditions for a chain graph to be an
almost controllable graph, that is, a chain graph of order n possessing exactly n − 1 main eigen-
values. As noted in the previous section, if 0 ∈ σ(G), then 0 is necessarily a non-main eigenvalue.
Consequently, we focus on chain graphs of the form

DNG(m1, . . . ,mh;n1, . . . , nh),

where all but one of the parameters m1, . . . ,mh, n1, . . . , nh equal 1, and the unique exceptional
value is exactly 2. Otherwise, if there exists mi > 2 (resp. nj > 2), or at least two of mi, nj >
1, 1 ≤ i, j ≤ h, then by Proposition 2.1 b), e), 0 is a non-main eigenvalue of multiplicity at least 2,
which implies that G is not almost controllable. Without loss of generality, suppose that mi0 = 2
for some i0 ∈ {1, . . . , h}.

It follows immediately from Theorem 2.1 that, among graphs of the form,

G = DNG(1, . . . , 1⏞ ⏟⏟ ⏞
h

; 1, . . . , 1⏞ ⏟⏟ ⏞
h

), h ≥ 1,

only the graphK2 = DNG(1; 1) is almost controllable.

For convenience, we denote by Gi0
h the chain graph

DNG(1, . . . , 1, 2, 1, . . . , 1⏞ ⏟⏟ ⏞
h

; 1, . . . , 1⏞ ⏟⏟ ⏞
h

),

where the 2 appears at the i0-th position of the h-sequence. Similarly, we write Hh to denote the
chain graph

DNG(1, . . . , 1⏞ ⏟⏟ ⏞
h

; 1, . . . , 1⏞ ⏟⏟ ⏞
h

).

In the following theorem, we establish a necessary condition for Gi0
h to be almost controllable.

Theorem 3.1. If Gi0
h is almost controllable, then both vertices in Ui0 are downer vertices in G.

Proof. First, we observe that, by the eigenvalue equations, the entries of any eigenvector for λ ̸= 0,
corresponding to the vertices in Ui0 must be equal. If x = (x1, . . . , xi0 , x

′
i0⏞ ⏟⏟ ⏞

Ui0

, . . . , xh, y1, . . . , yh)
⊤ is

an eigenvector ofGi0
h corresponding to λ ̸= 0, then λxi0 = λx′

i0
=

∑︁h+1−i0
i=1 yi, and hence xi0 = x′

i0
.

Suppose, for the sake of contradiction, thatG is almost controllable and that there exists a nonzero
eigenvalueλ forwhich a vertexui0 ∈ Ui0 is neutral inG. Thenλ is also an eigenvalue of the induced
subgraph

G− ui0 = DNG(1, . . . , 1; 1, . . . , 1).

By Theorem 2.1, either λ or −λ is a non-main eigenvalue of G− ui0 .
Moreover, since the eigenvectors for G and G− ui0 differ only in the coordinate corresponding to
ui0 , this implies that λ or −λ is also a non-main eigenvalue of G. To be precise, if

(x1, . . . , xi0 , . . . , xh, y1, . . . , yh)
⊤,
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is an eigenvector corresponding to λ (or −λ) in G− ui0 , then

(x1, . . . , xi0 , 0, xi0+1, . . . , xh, y1, . . . , yh)
⊤,

is an eigenvector for the same eigenvalue in G. This contradicts the assumption that G is almost
controllable as it has at least two non-main eigenvalues, 0 and λ, or 0 and −λ.

From the previous theorem, we also deduce that if the vertices in Ui0 of Gi0
h are neutral, then

Gi0
h cannot be almost controllable. In this scenario, the corresponding vertex in U ′

i0
of the graph

Hh = Gi0
h − ui0 , ui0 ∈ Ui0 ,

is also neutral. Consequently, our subsequent analysis focuses on the occurrence of neutral vertices
within Hh.
Lemma 3.1. Let G = Hh. If

(2h+ 1)(2ℓ+ 1) = (2i− 1)(2k + 1),

i ̸= 1, h for some ℓ ∈ {0, 1, . . . , h− 1}, then the vertex ui ∈ Ui is neutral for the eigenvalue,

λk = (2 sin
(2k + 1)π

2(2h+ 1)
)−1.

Proof. The adjacency matrix of G is of the form
[︃
O N
N O

]︃
for

N =

⎡⎢⎢⎢⎢⎢⎣
1 1 · · · 1 1
1 1 · · · 1
... . .

.

1 1
1

⎤⎥⎥⎥⎥⎥⎦ ,

and an eigenvector for an eigenvalue λ is of the form [x⊤,x⊤]⊤ for x = [x1, . . . , xh]
⊤. Then x is an

eigenvector of N2 for λ2 and of

(N2)−1 =

⎡⎢⎢⎢⎣
1

1 −1

. .
.

. .
.

1 −1

⎤⎥⎥⎥⎦
2

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 −1
−1 2 −1

−1
. . .

. . .
. . .

2 −1
−1 2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
= Th,

for 1
λ2 . According to Theorem 2.2, the eigenvalues of Th are λk = 2−2 cos 2k+1

2h+1π, for k = 0, . . . , h−1
and the corresponding eigenvector x can be chosen in the following form

x = [Q0(−λk), Q1(−λk), . . . , Qh−1(−λk)]
⊤,

where Q0(x) = 1 and Qi(x) = Ui(
x
2 + 1) − Ui−1(

x
2 + 1). Therefore, from 1

λ2 = 2 − 2 cos( 2k+1
2h+1π),

we obtain
λ = ± 1√︂

2− 2 cos( 2k+1
2h+1π)

,
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for some k = 0, . . . , h− 1. Next,

Qi−1(−λk) = Ui−1(−
λk

2
+ 1)− Ui−2(−

λk

2
+ 1),

= Ui−1(cos(
2k + 1

2h+ 1
π))− Ui−2(cos(

2k + 1

2h+ 1
π)),

=
sin iθ

sin θ
− sin(i− 1)θ

sin θ
,

= 2
cos(2i− 1) θ2 sin

θ
2

sin θ
,

for θ =
2k + 1

2h+ 1
π ∈ (0, π). Bearing in mind that

√︃
2− 2 cos

2k + 1

2h+ 1
π = 2 sin

θ

2
,

we obtain

Qi−1(−λk) =
cos(2i− 1)

θ

2
cos θ

2

,

and λk = 1
2 sin θ

2

. Then ui is a neutral vertex in G if and only if Qi−1(−λk) = 0, i.e., if and only if

cos(2i−1)
θ

2
= 0 and cos θ

2 ̸= 0. The latter equality occurs if and only if (2i−1) θ2 = π
2 +ℓπ for some

integer ℓ, i.e., if and only if (2i−1)(2k+1)
2h+1 = 2ℓ + 1. Since i ∈ {1, . . . , h − 1}, (i − 1 ̸= 0, h − 1) as by

Proposition 2.1(c), no neutral vertices are found inU1 andUh, for k ∈ {0, 1, . . . , h−1}. We conclude
that ℓ ∈ {0, . . . , h− 1}, and i ̸= 1, h. Hence, if (2h+ 1)(2ℓ+ 1) can be factored as (2i− 1)(2k + 1)

with i ̸= 1, h, then the vertex ui in Ui is neutral for the eigenvalue λk = (2 sin
(2k + 1)π

2(2h+ 1)
)−1. This

completes the proof.
Corollary 3.1. Let G = Gi0

h . If (2h + 1)(2ℓ + 1) = (2i0 − 1)(2k + 1), i0 ̸= 1, h, for some k, ℓ ∈
{0, 1, . . . , h− 1}, then G is not almost controllable.

Example 3.1. Let h = 10, so that ℓ ∈ {0, 1, . . . , 9}. For example, when ℓ = 0, using the equality 3·7 = 21,
we deduce that the vertex in U2 is neutral for the eigenvalue(︃

2 sin
7π

42

)︃−1

= 1.

Similarly, the vertex in U4 is neutral for the eigenvalue(︃
2 sin

3π

42

)︃−1

≈ 2.24698.

Furthermore, from the equalities 3 · 21 = 9 · 7 and 5 · 21 = 15 · 7, we conclude that vertices in U5 and U8

are neutral for the eigenvalue 1. Therefore, the graphs G2
10, G4

10, G5
10, and G8

10 are not almost controllable.

In the sequel we analyze suitable choices for i0, so that Gi0
h that has only downer vertices in

Ui0 , is almost controllable.
Lemma 3.2. LetG = Gi0

h . If i0 = ⌊h
2 ⌋+1, and the vertices in Ui0 are downer for any nonzero eigenvalue,

then G is almost controllable.
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Proof. Assume on the contrary, thatG is not almost controllable, i.e., that there exists an eigenvalue
λ ̸= 0, that is non-main. If

x = (x1, . . . , xi0 , xi0 , xi0+1, . . . , xh, y1, . . . , yh)
⊤,

is the corresponding eigenvector, then

x1 + · · ·+ 2xi0 + · · ·+ xh + y1 + · · ·+ yh = 0, (2)

i.e., λx1+λy1 = 0 by eigenvalue equations for x1 and y1. Since λ ̸= 0, we obtain x1+y1 = 0. Next,
from

λxh + λyh = y1 + x1 = 0,

it follows xh + yh = 0. We proceed with

λx2 + λy2 = x1 + · · ·+ 2xi0 + · · ·+ xh−1 + y1 + · · ·+ yh−1 = λx1 + λy1 − (xh + yh) = 0,

to conclude that x2 + y2 = 0. In a similar way,

λxh−1 + λyh−1 = y1 + y2 + x1 + x2 = 0.

By following the same method we arrive at

x1 + y1 = x2 + y2 = · · · = xh + yh = 0.

From (2) we obtain xi0 = 0. A contradiction.
Lemma 3.3. Let G = Gi0

h .

i) If i0 = ⌊h
2 ⌋, the vertices in Ui0 are downer for any nonzero eigenvalue and −1±

√
5

2 /∈ σ(G) if h is odd
(resp. ±1 /∈ σ(G) if h is even), then G is almost controllable.

ii) If i0 = ⌊h
2 ⌋ + 2, the vertices in Ui0 are downer for any non-zero eigenvalue and ±1 /∈ σ(G) if h is

odd (resp. 1±
√
5

2 /∈ σ(G) if h is even), then G is almost controllable.

Proof. i) We first consider the case h = 2k + 1. Then i0 = k. As in the proof of Lemma 3.2 we
conclude that if λ ̸= 0 is a non-main eigenvalue and x is the corresponding eigenvector, then

x1 + y1 = · · · = xi0 + yi0 = 0,

as well as
xh−i0+2 + yh−i0+2 = · · · = xh + yh = 0.

Then
λ(xh−i0+1 + yh−i0+1) = y1 + · · ·+ yi0 + x1 + · · ·+ 2xi0 = xi0 .

Hence, we obtain
xh−i0+1 + yh−i0+1 =

xi0

λ
.

Then,

λ(xi0+1 + yi0+1) = y1 + · · ·+ yh−i0+2 + x1 + · · ·+ xh−i0+2,

= λ(x1 + y1)− (xh + yh)− · · · − (xh−i0+1 + yh−i0+1),

= −xi0

λ
,
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and
xi0+1 + yi0+1 = −xi0

λ2
.

Now, from (2) we obtain
xi0 −

xi0

λ2
+

xi0

λ
= 0,

i.e.,
xi0(λ

2 + λ− 1) = 0,

which is a contradiction, since λ ̸= −1±
√
5

2 and xi0 ̸= 0. If h is even, then

x1 + y1 = · · · = xi0 + yi0 = xh−i0+2 + yh−i0+2 = · · · = xh + yh = 0,

and
λ(xi0+1 + yi0+1) = −xi0

λ
.

Then, (2) implies xi0 −
xi0

λ = 0, i.e., xi0 = 0 or ±1 ∈ σ(G). A contradiction. Case ii) is treated in a
similar way. For h odd we obtain xi0 −

xi0

λ = 0, and for h even xi0 −
xi0

λ2 − xi0

λ = 0, that both lead
to a contradiction.
Remark 3.1. It is well-known that the spectrum of any bipartite graph is symmetric about 0, [9, p.56].
Since ±−1±

√
5

2 = 1±
√
5

2 , and G is bipartite, we conclude that in i) and ii) −1±
√
5

2 /∈ σ(G) and 1±
√
5

2 /∈
σ(G) are equivalent. Moreover, 1+

√
5

2 and 1−
√
5

2 are conjugate numbers over rationals, as they are the roots
of p(λ) = λ2 − λ − 1. Consequently, if they belong to σ(G), then they are either both main or non-main
eigenvalues of G. Similarly, for −1+

√
5

2 and −1−
√
5

2 .

4 1 and −1 +
√
5

2
as Eigenvalues of Gi0

h

As highlighted in Lemma 3.2, identifying certain almost controllable graphs Gi0
h requires impos-

ing specific restrictions on their spectra. Accordingly, in this section, we derive necessary and
sufficient conditions on the parameters h and i0 that determine whether the eigenvalues ±1 or
±1±

√
5

2 appear (or do not appear) in the spectrum of Gi0
h .

Lemma 4.1. LetG = Gi0
h . Then 1 is an eigenvalue ofG if and only if h ≡ 0 (mod 3) and i0 ≡ 0 (mod 3)

or h ≡ 1 (mod 3) and i0 ≡ 2 (mod 3).

Proof. A real number λ is an eigenvalue of G if and only if ϕG(λ) = 0 i.e., if and only if by Propo-
sition 2.1 a)

φG(λ) =

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓

1 λ
λ 1 λ

. . .
. . .

. . .

2
. . .

. . . λ
λ 1

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓
2h

= 0,
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where 2 appears on the position 2i0 − 1 on the main diagonal. Using the linearity of the deter-
minant along the (2i0 − 1)-th column and then expanding along the (2i0 − 1)-th column in the
second determinant, we obtain

φG(1) =

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓
1 1
1 1 1

. . . 1
1 1

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓
2h

+

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓
1 1
1 1 1

. . . 1
1 1

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓
2i0−2

.

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓
1 1
1 1 1

. . . 1
1 1

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓
2h−2i0+1

.

By Lemma 2.1, it follows that

φG(1) = U2h(
1

2
) + U2i0−2(

1

2
) · U2h−2i0+1(

1

2
),

where the Chebyshev polynomials of the second kind are computed at 1
2 by

Un(
1

2
) =

sin(n+ 1)π3
sin π

3

,

since cos π
3 = 1

2 . Taking into account that

Un(
1

2
) =

⎧⎪⎨⎪⎩
1 if n ≡ 0, 1 (mod 6);

0 if n ≡ 2 (mod 3);

−1 if n ≡ 3, 4 (mod 6);

we analyze nine possible cases for 2h and 2i0 − 2 modulo 6. As both numbers are even, we only
take in consideration ≡ (mod 6) ∈ {0, 2, 4}. If 2h ≡ 0 (mod 6) and 2i0 − 2 ≡ 4 (mod 6), then

φG(1) = 1 + (−1) · 1 = 0,

as 2h−2i0+1 ≡ 1 (mod 6). Similarly, if 2h ≡ 2 (mod 6) and 2i0−2 ≡ 2 (mod 6), then 2h−2i0+1 ≡
5 (mod 6) and

φG(1) = 0 + 0 · 0 = 0.

Remaining seven cases are treated in a similar fashion and in all we obtain a nonzero value for
φG(1).

Consequently, φG(1) = 0 if and only if 2h ≡ 0 (mod 6) and 2i0 − 2 ≡ 4 (mod 6) or 2h ≡ 2
(mod 6) and 2i0 − 2 ≡ 2 (mod 6), i.e., if and only if h ≡ 0 (mod 3) and i0 ≡ 0 (mod 3) or h ≡ 1
(mod 3) and i0 ≡ 2 (mod 3).
Example 4.1. Let h = 7 and i0 = 5. Then

σ(G5
7) = {±5.00736,±1.80017,±1,±0.826291,±0.636105,±0.564991,±0.52831},

that confirms that ±1 ∈ σ(G5
7).

Lemma 4.2. Let G = Gi0
h . Then ±1±

√
5

2 are eigenvalues of G if and only if h ≡ 1 (mod 5) and i0 ≡ 0
(mod 5) or h ≡ 2 (mod 5) and i0 ≡ 3 (mod 5).

Proof. We follow the same procedure as in the proof of Lemma 4.1. If λ = 1+
√
5

2 ∈ σ(G), then

φG(
1 +

√
5

2
) = (

1 +
√
5

2
)2hU2h(

1 +
√
5

2
) + (

1 +
√
5

2
)2h−1U2i−2(

1 +
√
5

2
) · U2h−2i+1(

1 +
√
5

2
).
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The values of Chebyshev polynomials of the second at 1+
√
5

2 we compute in the following way:

Un(
1 +

√
5

2
) =

sin(n+ 1) 2π5
sin 2π

5

=

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

1 if n ≡ 0 (mod 5);
sin(π

5 )

sin( 2π
5 )

if n ≡ 1 (mod 5);

− sin(π
5 )

sin( 2π
5 )

if n ≡ 2 (mod 5);

−1 if n ≡ 3 (mod 5);

0 if n ≡ 4 (mod 5).

as cos 2π
5 = 1√

5−1
. We also note that sin(π

5 )

sin( 2π
5 )

= −1+
√
5

2 . We consider 25 possible cases with respect
to 2h, 2i0 − 2 ≡ (mod 5) to check when

1 +
√
5

2
U2h(

1 +
√
5

2
)U2i0−2(

1 +
√
5

2
) · U2h−2i0+1(

1 +
√
5

2
) = 0.

If h ≡ 1 (mod 5) and i0 ≡ 0 (mod 5), then 2h ≡ 2 (mod 5) and 2i0 − 2 ≡ 3 (mod 5). Hence,

φG(
1 +

√
5

2
) = (

1 +
√
5

2
)2h−1

(︂1 +√
5

2
· 1−

√
5

2
+ (−1) · (−1)

)︂
= 0.

If h ≡ 2 (mod 5) and i0 ≡ 3 (mod 5), then 2h ≡ 4 (mod 5) and 2i0 − 2 ≡ 4 (mod 5) and 2h −
2i0 + 1 ≡ 4 (mod 5). Therefore,

φG(
1 +

√
5

2
) = (

1 +
√
5

2
)2h−1

(︂1 +√
5

2
· 0 + 0 · 0

)︂
= 0.

The remaining 23 cases are dealt with similarly and in all φG(
1+

√
5

2 ) ̸= 0.

Example 4.2. Let h = 7 and i0 = 3. Then ±1±
√
5

2 ∈ σ(G3
7). Also, for h = 6 and i0 = 5, the corresponding

chain graph G5
6 contains ±1±

√
5

2 in its spectrum.

5 Downer Vertices in Gi0
h for i0 ∈

{︂
⌊h
2
⌋, ⌊h

2
⌋+ 1, ⌊h

2
⌋+ 2

}︂
According to Lemmas 3.2 and 3.3, to construct an almost controllable graph Gi0

h with

i0 ∈
{︃⌊︃

h

2

⌋︃
,

⌊︃
h

2

⌋︃
+ 1,

⌊︃
h

2

⌋︃
+ 2

}︃
,

it is necessary that both vertices in Ui0 are downer vertices. In this section, we investigate the
conditions under which this occurs.
Lemma 5.1. Let G = Gi0

h and i0 = ⌊h
2 ⌋+1. Then vertices in Ui0 are downer for any nonzero eigenvalue.

Proof. Assume on the contrary that there is λ ̸= 0 such that the vertices in Ui0 are neutral for λ.
Then, in the eigenvector x for λ, xi0 = 0. Hence, λ is also an eigenvalue of Hh with the corre-
sponding eigenvector of the form (x1, . . . , xi0−1, 0, xi0+1, . . . , xh, x1, . . . , xh)

⊤. By the eigenvalue
equations, we obtain

0 = λxi0 = x1 + . . .+ xh−i0+1 =

{︄
x1 + . . .+ xi0 if h is odd;
x1 + . . .+ xi0−1 if h is even.
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If h is odd, 0 = λxi0 = x1 + . . . + xi0−1 + 0 = λxi0+1, then xi0 = xi0+1 = 0 is a contradiction by
Proposition 2.1 d). For h even, 0 = λxi0 = x1+ . . .+xi0−1 = x1+ . . .+xi0−1+0 = x1+ · · ·+xi0 =
λxi0−1, we obtain xi0 = xi0−1 = 0. A contradiction.
Lemma 5.2. Let G = Gi0

h .

i) If i0 = ⌊h
2 ⌋, and

−1±
√
5

2 /∈ σ(G) if h is odd (resp. if ±1 /∈ σ(G) if h is even), then the vertices in
Ui0 are downer for any nonzero eigenvalue.

ii) If i0 = ⌊h
2 ⌋ + 2, and ±1 /∈ σ(G) if h is odd (resp. 1±

√
5

2 /∈ σ(G) if h is even), then the vertices in
Ui0 are downer for any nonzero eigenvalue.

Proof. i) Assume, on the contrary, that there exists λ ̸= 0, such that the vertices in Ui0 are neutral
for λ. Then xi0 = 0 and λ ∈ σ(Hh).
If h is odd, say h = 2k + 1, then i0 = k and from the eigenvalue equations we obtain

λxk+2 = x1 + · · ·+ xk,

λxk+1 = x1 + · · ·+ xk+1 = λxk+2 + xk+1,

0 = λxk = x1 + · · ·+ xk+2 = λxk+1 + xk+2.

From the last equation it follows that xk+2 = −λxk+1, that when plugged in the previous one
leads to λxk+1 = −λ2xk+1 + xk+1, i.e., to (λ2 + λ − 1)xk+1 = 0. Hence, we obtain xk+1 = 0, as
−1±

√
5

2 /∈ σ(G). A contradiction, by Proposition 2.1 d).
If h = 2k is even, then i0 = k and

λxk+1 = x1 + · · ·+ xk,

0 = λxk = x1 + · · ·+ xk+1 = λxk+1 + xk+1.

Therefore, (λ + 1)xk+1 = 0, i.e., xk+1 = 0, as ±1 /∈ σ(G). A contradiction. A proof for ii) is done
in a similar way.

6 Main Results

In this section, we summarize the preceding results with the goal of providing new families of
almost controllable graphs.
Theorem 6.1. Let G = Gi0

h with i0 = ⌊h
2 ⌋+ 1. Then G is almost controllable for any positive integer h.

Proof. By Lemma 3.2,G is almost controllable provided that the vertices in Ui0 are downer for any
nonzero eigenvalue. By Lemma 5.1 for any h, the vertices in Ui0 are downer. This completes the
proof.
Example 6.1. If h = 2k, thenGk+1

2k is almost controllable for any positive k and if h = 2k+1, thenGk+1
2k+1

is almost controllable for any positive k.

Theorem 6.2. Let G = Gi0
h and i0 = ⌊h

2 ⌋. Then

i) If h is odd and h (mod 5) ∈ {0, 3, 4} or i0 (mod 5) ∈ {1, 2, 4}, then G is almost controllable.
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ii) If h is even and h (mod 3) = 2 or i0 (mod 3) = 1, then G is almost controllable.

Proof. By Lemmas 3.3, 5.2, for h odd (resp. h even) G is almost controllable iff −1±
√
5

2 /∈ σ(G)

(resp. ±1 /∈ σ(G)). Next by Lemma 4.2 if h is odd, −1±
√
5

2 /∈ σ(G) iff

• h (mod 5) ∈ {0, 2, 3, 4} and h (mod 5) ∈ {0, 1, 3, 4} or,
• h (mod 5) ∈ {0, 2, 3, 4} and i0 (mod 5) ∈ {0, 1, 2, 4} or,
• h (mod 5) ∈ {0, 2, 3, 4} and i0 (mod 5) ∈ {1, 2, 3, 4} or,
• i0 (mod 5) ∈ {0, 1, 2, 4} and i0 (mod 5) ∈ {1, 2, 3, 4}.

Taking into account that h = 2i0 +1, we find that the previous reduces to h (mod 5) ∈ {0, 3, 4} or
i0 (mod 5) ∈ {1, 2, 4}. By Lemma 4.1 we obtain the conclusion for h even.

Similarly, we obtain,
Theorem 6.3. Let G = Gi0

h and i0 = ⌊h
2 ⌋+ 2. Then,

i) If h is odd and h (mod 3) = 2 or i0 (mod 3) = 1, then G is almost controllable.

ii) If h is even and h (mod 5) ∈ {0, 3, 4} or i0 (mod 5) ∈ {1, 2, 4}, then G is almost controllable.

7 Discussion

Almost controllable chain graphs contain exactly one of the 2h vertex partitions with two vertices
(the remaining partitions are singletons). In several cases we were able to determine the positions
of the corresponding vertices. In a preliminary version of this manuscript we conjectured the
following:

A chain graph G = Gi0
h is almost controllable if and only if the vertices in Ui0 are downer for

every nonzero eigenvalue.

Following a referee’s suggestion to illustrate the validity of the conjecture on chain graphs of small
order, we examined such examples and found a counterexample that does not satisfy the above
conjecture.
Example 7.1. Let G = G3

3, i.e., G = DNG(1, 1, 2; 1, 1, 1). Then −1 ∈ σ(G) and a corresponding
eigenvector is

(1, 0,−1,−1,−1, 1, 1)⊤.

It is easily verified that −1 is a non-main eigenvalue and that the entries corresponding to U3 are nonzero,
and hence downers.

However, the following problems remain open for further research.

• Problem 1. Fully characterize all chain graphs that are almost controllable.
• Problem 2. Identify classes of chain graphs with n− 2main eigenvalues.

1061



B. Alshamary and M. Anđelić Malaysian J. Math. Sci. 20(3): 1049–1063(2026) 1049 - 1063

Conflicts of Interest The authors declare no conflict of interest.

Acknowledgments The authors express their sincere gratitude to the referees for their careful
reading, which has improved the preliminary version of the manuscript.

References

[1] A. Alazemi, M. Anđelić & A. Salim (2021). On main eigenvalues of chain graphs. Computa-
tional and Applied Mathematics, 40, 268. https://doi.org/10.1007/s40314-021-01639-8.

[2] M. Anđelić, Z. Du, C. M. da Fonseca & S. K. Simić (2020). Tridiagonal matrices and spectral
properties of some graph classes. Czechoslovak Mathematical Journal, 70(4), 1125–1138. https:
//doi.org/10.21136/CMJ.2020.0182-19.

[3] M. Anđelić, E. Ghorbani & S. K. Simić (2019). Vertex types in threshold and chain graphs.
Discrete Applied Mathematics, 269, 159–168. https://doi.org/10.1016/j.dam.2019.02.040.

[4] F. K. Bell, D. Cvetković, P. Rowlinson & S. K. Simić (2008). Graphs for which the least eigen-
value is minimal, i. Linear Algebra and its Applications, 429, 234–241. https://doi.org/10.1016/
j.laa.2008.02.032.

[5] F. K. Bell, D. Cvetković, P. Rowlinson & S. K. Simić (2008). Graphs for which the least eigen-
value is minimal, ii. Linear Algebra and its Applications, 429, 2168–2179. https://doi.org/10.
1016/j.laa.2008.06.018.

[6] K. Bharani Dharan & S. Radha (2025). Metric dimension of 4-regular cyclic bipartite graphs.
Malaysian Journal of Mathematical Sciences, 19, 1397–1415. https://doi.org/10.47836/mjms.19.
4.12.

[7] A. Bhattacharya, S. Friedland&U.N. Peled (2008). On the first eigenvalue of bipartite graphs.
The Electronic Journal of Combinatorics, 15(1), 144. https://doi.org/10.37236/868.

[8] D. Cvetković, P. Rowlinson & S. Simić (1997). Eigenspaces of Graphs. Cambridge University
Press, New York. https://doi.org/10.1017/CBO9781139086547.

[9] D. Cvetković, P. Rowlinson & S. Simić (2010). An Introduction to the Theory of Graph Spectra.
Cambridge University Press, New York. https://doi.org/10.1017/CBO9780511801518.

[10] C. M. da Fonseca (2007). On the eigenvalues of some tridiagonal matrices. Journal of Com-
putational and Applied Mathematics, 200, 283–286. https://doi.org/10.1016/j.cam.2005.08.047.

[11] C. M. da Fonseca (2014). Unifying Pell and Fibonacci identities. Applied Mathematics and
Computation, 236, 41–42. https://doi.org/10.1016/j.amc.2014.03.064.

[12] Z.Du, F. Liu, S. Liu&Z.Qin (2021). Graphswithn−1main eigenvalues.DiscreteMathematics,
344, 112397. https://doi.org/10.1016/j.disc.2021.112397.

[13] Z. Du, L. You, H. Liu & F. Liu (2023). Further results on almost controllable graphs. Linear
Algebra and its Applications, 677, 31–50. https://doi.org/10.1016/j.laa.2023.07.029.

[14] Z. Du, L. You, H. Liu & F. Liu (2024). Almost controllable graphs and beyond. Discrete
Mathematics, 347, 113743. https://doi.org/10.1016/j.disc.2023.113743.

[15] R. Ehrenborg & S. van Willigenburg (2004). Enumerative properties of ferrers graphs. Dis-
crete & Computational Geometry, 32(4), 481–492. https://doi.org/10.1007/s00454-004-1135-1.

1062

https://doi.org/10.1007/s40314-021-01639-8
https://doi.org/10.21136/CMJ.2020.0182-19
https://doi.org/10.21136/CMJ.2020.0182-19
https://doi.org/10.1016/j.dam.2019.02.040
https://doi.org/10.1016/j.laa.2008.02.032
https://doi.org/10.1016/j.laa.2008.02.032
https://doi.org/10.1016/j.laa.2008.06.018
https://doi.org/10.1016/j.laa.2008.06.018
https://doi.org/10.47836/mjms.19.4.12
https://doi.org/10.47836/mjms.19.4.12
https://doi.org/10.37236/868
https://doi.org/10.1017/CBO9781139086547
https://doi.org/10.1017/CBO9780511801518
https://doi.org/10.1016/j.cam.2005.08.047
https://doi.org/10.1016/j.amc.2014.03.064
https://doi.org/10.1016/j.disc.2021.112397
https://doi.org/10.1016/j.laa.2023.07.029
https://doi.org/10.1016/j.disc.2023.113743
https://doi.org/10.1007/s00454-004-1135-1


B. Alshamary and M. Anđelić Malaysian J. Math. Sci. 20(3): 1049–1063(2026) 1049 - 1063

[16] E. M. Hagos (2002). Some results on graph spectra. Linear Algebra and its Applications, 356,
103–111. https://doi.org/10.1016/S0024-3795(02)00324-5.

[17] S. Hanif, K. A. Bhat & G. Sudhakara (2022). Complete (2, 2) bipartite graphs. Malaysian
Journal of Mathematical Sciences, 16, 379–390. https://doi.org/10.47836/mjms.16.2.13.

[18] N. V. R. Mahadev & U. N. Peled (1995). Threshold Graphs and Related Topics volume 56
of Annals of Discrete Mathematics. North-Holland, New York. https://doi.org/10.1016/
S0167-5060(13)71063-X.

[19] L. Qiu, W. Wang, W. Wang & H. Zhang (2022). A new criterion for almost controllable
graphs being determined by their generalized spectra. DiscreteMathematics, 11, 113060. https:
//doi.org/10.1016/j.disc.2022.113060.

[20] P. Rowlinson (2007). The main eigenvalues of a graph: A survey. Applicable Analysis and
Discrete Mathematics, 1, 445–471. https://doi.org/10.2298/AADM0702445R.

1063

https://doi.org/10.1016/S0024-3795(02)00324-5
https://doi.org/10.47836/mjms.16.2.13
https://doi.org/10.1016/S0167-5060(13)71063-X
https://doi.org/10.1016/S0167-5060(13)71063-X
https://doi.org/10.1016/j.disc.2022.113060
https://doi.org/10.1016/j.disc.2022.113060
https://doi.org/10.2298/AADM0702445R

	Introduction
	Preliminaries
	 Some Necessary Conditions
	1 and  epic-1+52 as Eigenvalues of Ghi0
	 Downer Vertices in Ghi0 for i0{to1.5. epich2, epich2+1,  epich2+2}to1.5.
	Main Results
	Discussion

