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Abstract

A graph G is called a chain graph if it contains none of the graphs {2K>, Cs, Cs} as induced
subgraphs. It is said to be almost controllable if it has exactly one non-main eigenvalue, that
is, precisely one eigenvalue whose corresponding eigenspace is orthogonal to the all-ones vec-
tor. Within the class of chain graphs, we identify new families of graphs exhibiting this almost
controllable property.

Keywords: chain graphs; main or non-main eigenvalues; almost controllable graphs.


https://mjms.upm.edu.my
https://orcid.org/0009-0003-1396-4765
https://orcid.org/0000-0002-3348-1141

B. Alshamary and M. Andeli¢ Malaysian J. Math. Sci. 20(3): 1049-1063(2026) 1049 - 1063

1 Introduction

We consider a simple graph G, that is, a graph without loops or multiple edges, whose vertex
setis V(G) = {v1,...,v,} and which contains m edges. The adjacency matrix A(G)isa 0 — 1
matrix where the entry a,; = 1 if v; and v; are adjacent, and 0 otherwise. The eigenvalues of G are
defined as those of A(G), i.e., the roots of the characteristic polynomial ¢ (\) = det(AI,, — A(G)).
The multiset of eigenvalues is called the spectrum of G and is denoted by o(G). An eigenvalue
u is called main if its eigenspace g, is not orthogonal to the all-ones vector j; otherwise, it is
termed non-main. The basic results on main eigenvalues can be found in Hagos [16], while a
comprehensive survey is given in Rowlinson [20].

A graph G is called a chain graph if it is bipartite and the neighborhoods of vertices in each
partite set form a chain under inclusion. Equivalently, chain graphs avoid the induced subgraphs
2K,, C3, and Cs. From the perspective of spectral graph theory, they are distinguished among
connected bipartite graphs by achieving the maximal spectral radius with respect to both the ad-
jacency and signless Laplacian matrices, for fixed order and size [7]. Chain graphs are also known
by other names in the literature, such as difference graphs [18], double nested graphs [4, 5], and Fer-
rers graphs [15]. Their main eigenvalues have been studied in [1], while some applications can be
found in [3]. Additional significant classes of bipartite graphs, namely 4-regular cyclic bipartite
graphs and complete (2, 2)-bipartite graphs, have also been examined in the literature; see [6] and
[17], respectively.

The objective of this paper is to characterize chain graphs that have exactly n — 1 main eigen-
values. Graphs with this property have already been studied in the literature. It was shown that
the unique non-main eigenvalue and its corresponding eigenvector can be derived from the walk
matrix without solving the characteristic equation [12]. A new and simple criterion was estab-
lished for determining when an almost controllable graph is uniquely determined by its gener-
alized spectrum [19]. Furthermore, Du et al. [13] have shown that for almost controllable trees,
unicyclic graphs, and bicyclic graphs, the diameter of the complement is at most 3; in addition, all
integral almost controllable graphs were characterized. A complete characterization was given for
almost controllable cographs, threshold graphs, as well as all almost controllable graphs whose

second-largest eigenvalue is at most @ [14].

The remainder of the paper is organized as follows. Section 2 provides the necessary prelimi-
naries. In Section 3, we present a necessary condition for a chain graph to be almost controllable.

Sections 4 and 5 examine the role of certain eigenvalues such as +1 or % and vertex types
(downer or neutral) in the structure of such graphs. The main results, including new examples of
almost controllable chain graphs, are given in Section 6. Further problems are discussed in Section
7.

2 Preliminaries
In this section, we recall several results from the literature that will be needed in the sequel.

The vertex set of any connected chain graph G can be partitioned into two color classes, which
are further subdivided into & non-empty cells as follows:

h h
U U; and U V.
i=1 i=1
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Each vertex in U is adjacent (via cross edges) to all vertices in the set UZI% 'V, for every s =

1,2,..., h. Let Ng(w) denote the neighborhood of a vertex w in G.

This structure ensures that, for any v’ € Uyyq and v” € U,, we have Ng(u') = Uz;f Vi C
UZITSV;C = Ng(u"), and similarly, for v € V41 and v’ € V,, it holds that Ng(v') C Ng(v”). This
nesting of neighborhoods in both parts of the bipartition illustrates the double nesting property,
from left to right and from right to left (see Figure 1).

mp ni

mi Onh
Uy Vi
Figure 1: The chain graph G = DNG(m, ..., Mp; N, -y M)

Let my = |Us| and ns = |V,| foreach s = 1,2, ..., h. Then, the graph G can be represented as
DNG(my, ma,...,mp; Ny,No, ..., Np),
where the notation DNG refers to a double nested graph.

Removing a vertex from the graph affects the multiplicity of its eigenvalues, which can either
remain unchanged (classifying the vertex as neutral), increase by one (categorizing it as a Parter
vertex), or decrease by one, which is associated with downer vertices.

The vertex types in the chain graphs were considered by Andeli¢ et al. [3]. It was proved that
in chain graphs all vertices are either downer or neutral with respect to nonzero eigenvalues (i.e.,
no Parter vertices are found relative to nonzero eigenvalues). In addition, if v is a neutral vertex
for A # 0, then x,, = 0 in the corresponding eigenvector.

Proposition 2.1. [2, 3] Let G = DNG(my,...,mp;n1,...,ny). Then:

a) Up toasign ¢pg(N) = 2"~ 2" det Mg (x), where

mi x
x np x

MG($): )

X mp X
X ny

b) The spectrum of G comprises of 0 with multiplicity n — 2h and of 21 distinct nonzero eigenvalues;
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c) Ui, Up, (resp. Vi, V3,) contain only downer vertices for A # 0;
d) Ui, Uity (resp. Vi, Vig1) cannot both contain neutral vertices for A # 0;

e) 01is a non-main eigenvalue.

Two distinct eigenvalues of a graph are called conjugate if they are algebraic conjugates; that is,
if they satisfy the same minimal polynomial over the field of rational numbers. According to the
following proposition, such eigenvalues are either both main or both non-main.

Proposition 2.2. [8, Proposition 7.8.10] Let p; and i, be conjugate eigenvalues of a graph G. Then p; is
a main eigenvalue of G if and only if pi; is a main eigenvalue of G.

In our considerations some results will rely on the characterization of main eigenvalues in a
chain graph of the form DNG(1,...,1;1,...,1).

Theorem 2.1. [1] Let G = DNG(1,...,1;1,...,1) be a chain graph of order 2h. Then G has h main and
h non-main eigenvalues. More precisely, A is main eigenvalue in G if and only if — X is non-main.

In addition, we will need the eigenvalues, eigenvectors and the determinant of some special
structured tridiagonal matrices.

Theorem 2.2. [10] Let

1 -1
-1 2 -1
-1
Th = - . (M
2 -1
i -1 2],
Then the eigenvalues of Tj, are
2k+1
A =2 —2cos 2h1 17
fork =0,...,h— 1and the corresponding eigenvectors are of the form

[Qo(—=Mk), Q1(=Ak)s s Qo1 (= )] T,

where Qo(x) = 1and Qi(x) = Uy(§ +1) = Ui—1(5 +1). (U, @ = 0,...,h — 1 are the Chebyshev
sin(i + 1)

0
polynomials of the second kind, U;(z) = Jforx =cosh, 0 <0 <)

sin 0
Lemma 2.1. [11] Let

p 1
g p 1
A, =
qg p 1
q pl,
Then, )
det A,, = "Up(=—).
(Va)"Un(z )
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3 Some Necessary Conditions

The objective of this section is to provide some necessary conditions for a chain graph to be an
almost controllable graph, that is, a chain graph of order n possessing exactly n — 1 main eigen-
values. As noted in the previous section, if 0 € o(G), then 0 is necessarily a non-main eigenvalue.
Consequently, we focus on chain graphs of the form

DNG(mq,...,mp;n1,...,0n),

where all but one of the parameters my,...,mp,n1,...,np, equal 1, and the unique exceptional
value is exactly 2. Otherwise, if there exists m; > 2 (resp. n; > 2), or at least two of m;,n; >
1,1 <4,j < h, then by Proposition 2.1 b), e), 0 is a non-main eigenvalue of multiplicity at least 2,
which implies that G is not almost controllable. Without loss of generality, suppose that m;, = 2
for some iy € {1,...,h}.

It follows immediately from Theorem 2.1 that, among graphs of the form,

G =DNG(1,...,1;1,...,1), h>1,
—_— —
h h

only the graph Ky = DNG(1; 1) is almost controllable.

For convenience, we denote by Gi° the chain graph

DNG(1,...,1,2,1,...,1;1,...,1),
h h

where the 2 appears at the io-th position of the h-sequence. Similarly, we write Hj, to denote the
chain graph
DNG(1,...,1;1,...,1).

—— ——
h h

In the following theorem, we establish a necessary condition for G}° to be almost controllable.

Theorem 3.1. If Gf{’ is almost controllable, then both vertices in U,, are downer vertices in G.

Proof. First, we observe that, by the eigenvalue equations, the entries of any eigenvector for A # 0,
corresponding to the vertices in U;, must be equal. If x = (z1,...,2;,, xgo, TR YLy e Yn) | S
~——

Us;
an eigenvector of G° corresponding to A # 0, then Az;, = Az, = S =%y, and hence ;, = Ty
Suppose, for the sake of contradiction, that G is almost controllable and that there exists a nonzero
eigenvalue A for which a vertex u;, € U,, isneutralin G. Then A is also an eigenvalue of the induced
subgraph

G —u;, = DNG(1,...,1;1,...,1).
By Theorem 2.1, either A or —\ is a non-main eigenvalue of G — u;,.

Moreover, since the eigenvectors for G and G — u;,, differ only in the coordinate corresponding to
u;,, this implies that A or —\ is also a non-main eigenvalue of G. To be precise, if

T
(xly---a'ri(n'"a'rhvyla"'ayh)

)
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is an eigenvector corresponding to A (or —\) in G — w;,, then

T
(Ila'"axioa()?IiU-‘rlv"'7xhay17"'7yh) )

is an eigenvector for the same eigenvalue in G. This contradicts the assumption that G is almost
controllable as it has at least two non-main eigenvalues, 0 and A, or 0 and —A. O

From the previous theorem, we also deduce that if the vertices in U;, of Gﬁf are neutral, then
G} cannot be almost controllable. In this scenario, the corresponding vertex in U of the graph

i
Hy =G —uiy, Ui € Uy,

isalsoneutral. Consequently, our subsequent analysis focuses on the occurrence of neutral vertices
within Hj,.

Lemma 3.1. Let G = Hy,. If
(2h +1)(20 + 1) = (2i — 1)(2k + 1),

i# 1,hforsomel € {0,1,...,h — 1}, then the vertex u; € U, is neutral for the eigenvalue,

. E+1)m
A= (28in —————)7 .
= @sing o)
. . . O N
Proof. The adjacency matrix of G is of the form N O for
1 1 11
1 1 1
N = ,
11
1
and an eigenvector for an eigenvalue \ is of the form [x ", x "] for x = [21,...,25] . Then x is an
eigenvector of N2 for A? and of
) 1 -1 )
1 -1 2 -1
1 -1 -1
(NQ)_l = . . = . . . =Th,
1 -1 2 -1
(- _1 2 .
for 4. According to Theorem 2.2, the eigenvalues of T}, are A, = 2—2 cos g,’zﬁ m fork=0,...,h—1

and the corresponding eigenvector x can be chosen in the following form

x = [Qo(— k) Q1(=Ae), -+, Qo1 (=M)] T,

where Qo(z) = 1 and Q;(z) = U;(5 + 1) — U;—1(5 + 1). Therefore, from /\% =2 2cos(§’}jﬂ7r),
we obtain
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forsome k =0,...,h — 1. Next,

A A
Qi—1(=M) = Ui—l(_7k +1) - Ui—2(_7k +1),
2k +1 2k +1
= Ui_1(005(2h n 171')) - Ui_2(005(2h n 177)),
_ sinif  sin(i —1)¢
~ siné sin@ '
_cos(21 — 1) sin §
N sin @ ’
2k+1 L )
for 0 = 1" € (0, 7). Bearing in mind that
2k +1 .0
\/2—2005 o+ 17r = 2sm§7
we obtain 0
cos(2i — 1)5
Qi—1(=A) = ——5—=,
cos 3
and )\, = 2% Then u; is a neutral vertex in G if and only if Q;_1(—A;) = 0, i.e,, if and only if
blIlE

cos(2i — l)g = 0and cos § # 0. The latter equality occurs if and only if (2i —1)§ = Z + ¢r for some

integer /, i.e., if and only if %ﬂ”l) =2{+1. Sincei € {1,...,h—1},(i—1# 0,h — 1) as by

Proposition 2.1(c), no neutral vertices are found in U; and Uy, for k € {0, 1, ..., h—1}. We conclude

that £ € {0,...,h — 1}, and ¢ # 1, h. Hence, if (2h + 1)(2¢ + 1) can be factored as (2; — 1)(2k + 1)
2k +1

with ¢ # 1, h, then the vertex u; in U; is neutral for the eigenvalue \;, = (2sin u)_l. This

completes the proof.

Corollary 3.1. Let G = G}°. If (2h + 1)(20 + 1) = (2ig — 1)(2k + 1), ig # 1, h, for some k, ¢ €
{0,1,...,h — 1}, then G is not almost controllable.

Example 3.1. Let h = 10, so that £ € {0, 1,...,9}. For example, when { = 0, using the equality 3-7 = 21,
we deduce that the vertex in Uy is neutral for the eigenvalue

—-1
T
2sin — =1.
( sin 42>

Similarly, the vertex in Uy is neutral for the eigenvalue
—1
3T
2sin — ~ 2.24698.
< Sin 42>
Furthermore, from the equalities 3-21 =9 - 7and 5 - 21 = 15 - 7, we conclude that vertices in Us and Ug

are neutral for the eigenvalue 1. Therefore, the graphs G3,, G, G3,, and G, are not almost controllable.

In the sequel we analyze suitable choices for iy, so that G}° that has only downer vertices in
U,,, is almost controllable.

Lemma 3.2. Let G = G}. Ifip = | 2] + 1, and the vertices in U;, are downer for any nonzero eigenvalue,
then G is almost controllable.
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Proof. Assume on the contrary, that G is not almost controllable, i.e., that there exists an eigenvalue
A #£ 0, that is non-main. If

X = (xla sy Loy Ligs Lig41ls -3 LhyYlye-- 3yh)T7
is the corresponding eigenvector, then
T1d A 2@+ ah YLy =0, (2)

i.e., Ax1 + Ay1 = 0 by eigenvalue equations for z; and y;. Since A # 0, we obtain 1 +y; = 0. Next,
from
AT+ Ayp = y1 +x1 =0,

it follows x5, + yn, = 0. We proceed with
ATy + Ay2 = @1+ + 22+ +Tpo1 YL+ FYho1 = A+ Ay — (zh +yn) =0,
to conclude that x5 + y» = 0. In a similar way,
ATho1+AYh_1 =Yy1+y2+ 21 +2x2 =0.
By following the same method we arrive at
Tty =22 +y2=---=xp+yn=0.
From (2) we obtain z;, = 0. A contradiction. O

Lemma 3.3. Let G = G}f

i) Ifig = | 2], the vertices in U;, are downer for any nonzero eigenvalue and %\/g ¢ o(Q) if his odd
(resp. £1 ¢ o(Q) if h is even), then G is almost controllable.

i) Ifig = | 2] + 2, the vertices in Uy, are downer for any non-zero eigenvalue and £1 ¢ o(G) if h is
odd (resp. %‘/5 ¢ o(G) if h is even), then G is almost controllable.

Proof. i) We first consider the case h = 2k + 1. Then iy = k. As in the proof of Lemma 3.2 we
conclude that if A # 0 is a non-main eigenvalue and x is the corresponding eigenvector, then

331+y1 = :x’io +y10 :07
as well as
Theigt2 T Yh—io42 = =Tp +yp = 0.

Then
MThoig41 + Yn—io+1) = Y1+ -+ + Yig + 1 + -+ + 225, = T4

Hence, we obtain

xio
Th—ig+1 + Yh—ig+1 = BN
Then,
MTig+1 + Yio+1) = Y1+ + Yn—ip42 + 1 + -+ Tp_ig42,
=XNz1+y1) — (@n+yn) = — (Thoio+1 + Yh—ig+1)s
— _Tio
)\ b
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and .
Tig+1 + Yig+1 = —ﬁ-
Now, from (2) we obtain
Tiy X
w0

ie.,
Ty, (A2 + A —1) =0,

which is a contradiction, since A # %@ and z;, # 0. If h is even, then

T1+Y1L = = Tiy + Yiyp = Thoig+2 + Yh—ig+2 = - = Tp + yn =0,
and .
MTig+1 + Yig+1) = —%~
Then, (2) implies x;, — w)\(’ =0,ie, z;, =00r £1 € 0(G). A contradiction. Case ii) is treated in a
similar way. For i odd we obtain z;, — 52 = 0, and for h even z;, — 5 — 52 = 0, that both lead
to a contradiction. O

Remark 3.1. It is well-known that the spectrum of any bipartite graph is symmetric about 0, [9, p.56].
Since i%\/g = %\/5, and G is bipartite, we conclude that in i) and ii) %*/5 ¢ o(G) and %*/5 ¢
o (G) are equivalent. Moreover, 1+T\/5 and % are conjugate numbers over rationals, as they are the roots
of p(A) = A% — X — 1. Consequently, if they belong to o(G), then they are either both main or non-main
eigenvalues of G. Similarly, for =15 and =15¥5,

4 1land as Eigenvalues of G’

—1++5
2

As highlighted in Lemma 3.2, identifying certain almost controllable graphs GZ" requires impos-
ing specific restrictions on their spectra. Accordingly, in this section, we derive necessary and
sufficient conditions on the parameters i and i that determine whether the eigenvalues +1 or
%\@ appear (or do not appear) in the spectrum of G°.

Lemma4.1. Let G = G'°. Then 1 is an eigenvalue of G ifand only if h = 0 (mod 3) and ip = 0 (mod 3)
orh=1 (mod 3) and ip =2 (mod 3).

Proof. A real number A\ is an eigenvalue of G if and only if ¢¢(A) = 0 i.e., if and only if by Propo-
sition 2.1 a)

> =
J—
>

2h
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where 2 appears on the position 2iy — 1 on the main diagonal. Using the linearity of the deter-
minant along the (2ig — 1)-th column and then expanding along the (2iy — 1)-th column in the
second determinant, we obtain

1 1 1 1 1 1
1 1 1 1 1 1 1 1 1
va(l) = . + . . .
o1 o1 o1
L1y, L A P Lol o, o
By Lemma 2.1, it follows that
1 1 1
va(l) = U2h(§) + U2i0—2(§) : U2h—21'0+1(§),

where the Chebyshev polynomials of the second kind are computed at 1 by

1 sin(n+1)%
Un(3) = ng,
3

since cos I = . Taking into account that
1 if n=0,1 (mod 6);

U,(=)=10 if n=2 (mod 3);
-1 ifn=3,4 (mod6);

we analyze nine possible cases for 2k and 2ip — 2 modulo 6. As both numbers are even, we only
take in consideration = (mod 6) € {0,2,4}. If 2h = 0 (mod 6) and 2iy — 2 =4 (mod 6), then

pa(1) =1+ (-1)-1=0,

as2h—2ip+1 =1 (mod 6). Similarly, if 2h = 2 (mod 6) and 2ip—2 = 2 (mod 6), then 2h—2ip+1 =
5 (mod 6) and

0a(l)=0+0-0=0.
Remaining seven cases are treated in a similar fashion and in all we obtain a nonzero value for

va(1).

Consequently, ¢(1) = 0 if and only if 2h = 0 (mod 6) and 2ip — 2 = 4 (mod 6) or 2h = 2
(mod 6) and 2ip — 2 = 2 (mod 6), i.e., if and only if A = 0 (mod 3) and ip =0 (mod 3)orh =1
(mod 3) and ig = 2 (mod 3). O

Example 4.1. Let h = 7 and ig = 5. Then
U(G?) = {£5.00736, +1.80017, £1, +0.826291, £0.636105, +0.564991, +0.52831},
that confirms that £1 € o(G2).

Lemma 4.2. Let G = G}°. Then %‘/5 are eigenvalues of G if and only if h = 1 (mod 5) and iy = 0
(mod 5) or h =2 (mod 5) and iy = 3 (mod 5).

Proof. We follow the same procedure as in the proof of Lemma 4.1. If A = # € o(G), then

14+5 1++5 1++5 1++5 1+5 1++5

B )= ( B )" Uai ( 5 )+ ( 5 5 ) - Ua—2i11( 2

wa( )2 U, o )-
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The values of Chebyshev polynomials of the second at % we compute in the following way:

1 if n=0 (mod 5);
V5 (n+1)2 S ifn=1 (mod5);
1++5 sin(n +1)2& b"“gl
Un(—5 =)= — g - = |~ fn=2 (mod5);
’ -1 if n=3 (mod5);
0 if n=4 (mod5)
as cos ¢ = \/517 - We also note that ::((i)) = _“2“/5. We consider 25 possible cases with respect
5
to 2h,2ip — 2 = (mod 5) to check when
1+5 1++5 1+5 1+v5
B) Usn( 5 )U2iof2(T) : U2h72i0+1(T) =0.

Ifh=1 (mod 5) and ip = 0 (mod 5), then 2h = 2 (mod 5) and 2ip — 2 =3 (mod 5). Hence,

1+v5,  1+V5 5, 1 /1+v6 1—+5
5 ) =5 ) ( 2 2

va(

+(~1)- (71)) = 0.

If h =2 (mod 5) and iy = 3 (mod 5), then 2 = 4 (mod 5) and 2ip — 2 = 4 (mod 5) and 2h —
2ip +1 =4 (mod 5). Therefore,

1+vV5, 145 5 1 /1+4/5 _
po(—5) = (5 (52 0+0-0) =0.
The remaining 23 cases are dealt with similarly and in all @G(%) £ 0. O

Example 4.2. Let h = 7and iy = 3. Then %‘/5 € o(G3). Also, for h = 6and ig = 5, the corresponding
chain graph G§ contains %\/5 in its spectrum.

: h, h h
5 Downer Vertices in G}° for iy € {L§j, L§J +1, L§J + 2}

According to Lemmas 3.2 and 3.3, to construct an almost controllable graph G° with

we{ B2 2]

it is necessary that both vertices in U;, are downer vertices. In this section, we investigate the
conditions under which this occurs.

Lemma 5.1. Let G = G° and ig = | 2] + 1. Then vertices in Uy, are downer for any nonzero eigenvalue.

Proof. Assume on the contrary that there is A # 0 such that the vertices in U;, are neutral for \.
Then, in the eigenvector x for A, z;, = 0. Hence, A is also an eigenvalue of H;, with the corre-
sponding eigenvector of the form (z1,...,%i,—1,0,Zi 11, -, Th, T1,-..,7;) . By the eigenvalue
equations, we obtain

ZL’1+‘..+£L‘1‘O lthSOdd,

O0=Xx;, =x1+ ...+ Tph_y =
io 1 h—ig+1 {xl_"_..._f_‘ftiol if h is even.
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If hisodd, 0 = A\x;y = 21+ ... + zjy—1 + 0 = Awj,+1, then z;, = x;,41 = 0 is a contradiction by
Proposition2.1d). For heven, 0 = Az;, = z1+...+ i1 =21 +...+Tjp1+0 =21+ 425, =
Az;,—1, we obtain x;, = z;,_1 = 0. A contradiction. O

Lemma 5.2. Let G = GY°.

i) Ifig = | 2], and =155 ¢ o(G) if his odd (resp. if £1 ¢ o(G) if h is even), then the vertices in
Ui, are downer for any nonzero eigenvalue.

ii) Ifig = | 2] +2, and £1 ¢ o(G) if his odd (resp. 1i2‘/5 ¢ o(G) if h is even), then the vertices in
Ui, are downer for any nonzero eigenvalue.

Proof. i) Assume, on the contrary, that there exists A # 0, such that the vertices in U, are neutral
for A. Then z;, = 0 and A € o(Hy,).
If his odd, say h = 2k + 1, then iy = k and from the eigenvalue equations we obtain
ATpyo =1 + o+ + Tp,
ATpp1 =21+ + Thg1 = ATpy2 + Thta,
O0=Xzxp =21+ + Tko = ATpy1 + Thyo-
From the last equation it follows that zj12 = —Az,11, that when plugged in the previous one
leads to A\wj11 = —A2Tps1 + Tpi1, i€, to (A2 + XA — 1)z, = 0. Hence, we obtain 21 = 0, as
%‘/5 ¢ 0(G). A contradiction, by Proposition 2.1 d).
If h = 2k is even, then i = k and
ATpi1 =1+ + T,
O=Xdzp =21+ +Tpy1 = ATgq1 + Tt

Therefore, (A + 1)zg41 = 0,1e., xx+1 = 0, as £1 ¢ o(G). A contradiction. A proof for ii) is done
in a similar way. O

6 Main Results

In this section, we summarize the preceding results with the goal of providing new families of
almost controllable graphs.

Theorem 6.1. Let G = G} withio = | 2] + 1. Then G is almost controllable for any positive integer h.

Proof. By Lemma 3.2, G is almost controllable provided that the vertices in U;, are downer for any
nonzero eigenvalue. By Lemma 5.1 for any h, the vertices in U;, are downer. This completes the
proof. O

Example 6.1. If h = 2k, then G, is almost controllable for any positive k and if h = 2k +1, then Gg,ﬁl
is almost controllable for any positive k.

Theorem 6.2. Let G = G° and iy = |4]. Then

i) If his odd and h (mod 5) € {0,3,4} orip (mod 5) € {1,2,4}, then G is almost controllable.
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ii) If his even and h (mod 3) = 2 orip (mod 3) = 1, then G is almost controllable.

Proof. By Lemmas 3.3, 5.2, for h odd (resp. h even) G is almost controllable iff %\/g ¢ o(G)
(resp. £1 ¢ 0(G)). Next by Lemma 4.2 if i is odd, %\/5 ¢ o(Q) iff

o  (mod 5) € {0,2,3,4} and h (mod 5) € {0,1,3,4} or,
o 1 (mod 5) € {0,2,3,4} and iy (mod 5) € {0,1,2,4} or,
e h (mod 5) € {0,2,3,4} and iy (mod 5) € {1,2,3,4} or,
e iy (mod 5) € {0,1,2,4} and iy (mod 5) € {1,2,3,4}.

Taking into account that h = 2ip + 1, we find that the previous reduces to » (mod 5) € {0, 3,4} or
ip (mod 5) € {1,2,4}. By Lemma 4.1 we obtain the conclusion for & even. O

Similarly, we obtain,
Theorem 6.3. Let G = G}? and ig = |2 + 2. Then,
i) If hisodd and h (mod 3) =2 or iy (mod 3) = 1, then G is almost controllable.
ii) If his even and h (mod 5) € {0,3,4} or iy (mod 5) € {1,2,4}, then G is almost controllable.

7 Discussion

Almost controllable chain graphs contain exactly one of the 2/ vertex partitions with two vertices
(the remaining partitions are singletons). In several cases we were able to determine the positions
of the corresponding vertices. In a preliminary version of this manuscript we conjectured the
following;:

A chain graph G = G}° is almost controllable if and only if the vertices in U, are downer for
every nonzero eigenvalue.

Following a referee’s suggestion to illustrate the validity of the conjecture on chain graphs of small
order, we examined such examples and found a counterexample that does not satisfy the above
conjecture.

Example 7.1. Let G = G3, ie, G = DNG(1,1,2;1,1,1). Then —1 € o(G) and a corresponding
eigenvector is
(1,0,-1,-1,-1,1,1)".

1t is easily verified that —1 is a non-main eigenvalue and that the entries corresponding to Us are nonzero,
and hence downers.

However, the following problems remain open for further research.

e Problem 1. Fully characterize all chain graphs that are almost controllable.

e Problem 2. Identify classes of chain graphs with n — 2 main eigenvalues.
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